Abstract. We study the quasi-convergence equivalence of some families of metrics on locally homogeneous closed 4-manifolds with trivial isotropy group, and identify the dimension of each equivalence class under certain conditions.
Introduction
The Ricci flow is a parabolic partial differential equation system:
which plays an important role in studying geometries and topologies of manifolds. Since homogeneous 3-manifolds are models of Thurston's geometrization conjecture, it is natural and essential to study long-time behaviors on closed threemanifolds. In [10] , J. Isenberg and M. Jackson studied and described characteristic behaviors of Ricci flow in every class of locally homogeneous geometries.
The results in [7, 8] indicated that the Ricci flow could be useful to study geometric and topological properties of 4-manifolds. In order to explore further possibility in four dimensions, J. Isenberg, M. Jackson and Peng Lu [11] studied the Ricci flow on locally homogeneous four-manifolds, and found that the Ricci flow has the similar behaviors as those in [10] , in general, if a solution exists for all time, then the flow has a type III singularity in the sense of Hamilton. Recall that the normalized Ricci flow ∂g ij ∂t = −2Rc + 2r n g
where n is the dimension of the manifold and r is the average of the scalar curvature R. The normalization keeps the volume constant under the flow. In recent years, there are some sdudies on the Ricci flow under more sophisticated procedures on locally homogeneous manifolds. In [4] , Xiaodong Cao and Laurent Saloff-Coste studied the backward Ricci flow, i.e., assuming the existence interval of the solution
. From the conclusions in [11] , assume that we can use Y i = Λ It is easy to obtain the solution A(t) = λ 1 , B(t) =λ 2 , C(t) = λ 3 , D(t) =λ 4 + 4(k 2 + k + 1)t.
is another metric in [g] α with initial data (λ 1 ,λ 2 ,λ 3 ,λ 4 ), then |g −ḡ|
Lemma 3.1. The class [g] α for an A2iv-geometry metric is exactly a 1-parameter family.
Proof. Note thatḡ ∈ [g] α iffĀ A ,B B ,C C , andD D all converge to 1. It follows that λ 1 = λ 1 ,λ 2 = λ 2 ,λ 3 = λ 3 andλ 4 can be chosen arbitrarily. The proof is got.
3.2. g andḡ are diagonal under two different frames α and β
Assume that we can use
, and
The relation betweenḡ α (t) andḡ β (t) is
then we getḡ
Theorem 3.1. The quasi-convergence class [g] is exactly a 1-parameter family.
Proof. In fact, it is easy to see that
Thusḡ ∈ [g] if and only if all terms convergence to 0 in the sum
This implies thatλ 1 ,λ 2 andλ 3 are determined, andλ 4 is arbitrary.
The analysis in the cases (A2i), (A2ii), (A2iii) is similar.
The class [g] α
From the conclusions in [11] , assume that we can use Y i = Λ The Ricci flow is
From the behavior of the solution to Ricci flow, we get the following theorem.
Lemma 4.1. The class [g] α is exactly a 2-parameter family.
If λ 1 = λ 2 ,the long-time behavior of the solution g(t) is (refer to [11] )
It is easy to see that
Ifλ 1 andλ 4 are prescribed,λ 2 andλ 3 are determined.
g andḡ are diagonal under two different frames α and β
The analysis in this case is similar to that in Section 3.2.
5. A4. U1[2, 1].
The class [g] α
From the conclusions in [11] , assume that we can use
to diagonalize the initial metric g 0 . The solution to the Ricci flow is
Lemma 5.1. The class [g] α for an A4-geometry metric is exactly a 1-parameter family.
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Proof. Assume that
We chooseλ 1 arbitrarily. Thenλ 2 andλ 4 will be determined. This completes the proof.
g andḡ are diagonal under two different frames α and β
It follows that d = 0 which implies that a The proof is similar to Lemma 5.1.
Recall the results in [11] . The Ricci flow is
The long time behavior of the solution g(t) is
We also have AB = λ 1 λ 2 .
Lemma 6.1. The class [g] α for an A5-geometry metric is exactly a 2-parameter family.
is another Ricci flow solution with the initial data (
and only if all terms converge to 0 in the sum |g −ḡ|
From the equation, it follows that
ThenĀ/A → 1 andB/B → 1 if and only ifλ 1λ2 = λ 1 λ 2 since
. From
, onceλ 1 is chosen,λ 2 is fixed, andλ 4 can be arbitrary.
6.2. g andḡ are diagonal under two different frames α and β.
Assume we can use
As previous, we get
It follows thatλ 3 = λ 3 , lim t→0Ā A = 1 and lim t→0B B = 1 from (
and (
B−B B
) 2 goes to 0. Other terms go to 0 obviously after simply computation. We also have the following Theorem. Recall the results in [11] . The Ricci flow is
The solution to the Ricci flow is
,
Lemma 7.1. The class [g] α is exactly a 2-parameter family.
ThusĀ/A → 1,B/B → 1,C/C → 1 andD/D → 1 if and only if the following equalities hold
It is easy to see that if any two terms ofλ 1 ,λ 2 ,λ 3 ,λ 4 are chosen, then the left two will be determined. 
As previous, assumingḡ
aB + eCa eC bĀ + aBc + eCd aB + eCaB + a 2C aC cB + aCd eC aCC dC bĀ + aBc + eCd cB + aCd dC b
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Thusḡ ∈ [g] if and only if all terms convergence to 0 in the sum Recall the results in [11] . The Ricci flow is
CD .

It follows thatḡ ∈ [g] if and only if
The long time behavior of the Ricci flow g(t) is
We also have D(t) = λ 4 1 + 3
, and AD(B − C) = λ 1 λ 4 (λ 2 − λ 3 ). Proof. Assume that
By (11) in [11] , it is obvious thatĀ/A approaches to 1. By the equalities BCD 2 = λ 2 λ 3 λ 
and
CD .
Then we haveĀ Recall the results in [11] . The Ricci flow equation is
We also have BD = λ 2 λ 4 .
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Lemma 8.2. The class [g] α is exactly a 2-parameter family.
Proof. Assumē
is another Ricci flow solution with the initial data (λ 1 ,λ 2 ,λ 3 ,λ 4 ). Thenḡ ∈ [g] α if and only if all terms converge to 0 in the sum |g −ḡ|
It is easy to see thatĀ/A goes to 1. We also getB/B → 1,C/C → 1 andD/D → 1 if and only ifλ 2λ4 = λ 2 λ 4 . Onceλ 2 is chosen,λ 4 andλ 3 will be determined sincē
2 )λ 3 holds in this calss. 8.4. g andḡ are diagonal under two different frames α and β. 
Assume that we can use
BD .
So we have b = 0 which implies a
Under the condition a ′ 2 = a 2 , we get the following theorem. Theorem 8.2. The class [g] is exactly a 2-parameter family.
9. A8. U3I2.
The class [g] α
The long time behavior of the Ricci flow g(t) is Proof. Assume that
It follows from BCD 2 = λ 2 λ 3 λ 
CD .
Thus we get a = 0 and b = 0. Under the condition a = 0 and b = 0, it is easy to see thatĀ
Theorem 9.1. The class [g] is exactly a 2-parameter family.
A9. U3S1.
A9i In this case, the metric g(t) is a product on SL(2, R) × R
is a Ricci flow solution on SL(2, R). Refer to [13] for the quasi-convergence on SL(2, R).
A9ii
Recall the results in [11] . The Ricci flow is 
CD .
We get a = 0, andĀ
Theorem 10.2. The class [g] is exactly a 2-parameter family.
